Electric-Magnetic Duality and Topological Insulators 
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We work out the action of the SL{2, Z) electric-magnetic duality group for an insulator with a 
non-trivial permittivity, permeability and #-angle. This theory has recently been proposed to be 
the correct low-energy effective action for topological insulators. As applications, we give manifestly 
51/(2, Z) covariant expressions for the Faraday rotation at orthogonal incidence at the interface of 
two such materials, as well as for the induced magnetic and electric charges, slightly clarifying the 
meaning of expressions previously derived in the literature. We also use electric-magnetic dual- 
ity to find a gravitational dual for a strongly coupled version of this theory using the AdS/CFT 
correspondence. 
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Introduction. — The Maxwell-Lagrangian of classical 
electro-magnetism can be modified by including a term 
proportional to 9E ■ B. This "axionic electrodynamics" 
was studied two decades ago to describe how standard 
electrodynamics would be modified in the presence of a 
non-trivial background for a putative axion field. Sev- 
eral novel effects that would result from such a term have 
been uncovered: a magnetic monopole surrounded by a 
small bubble of vacuum with no axion but an otherwise 
constant axion field throughout space would pick up a 
non-trivial electric charge [l( giving a nice realization of 
the Witten effect Q. Magnetic charges induce electric 
mirror charges and vice versa in the presence of a pla- 
nar domain wall across which 9 jumps [3( . Reflection off 
such a domain wall induces a non-trivial rotation of the 
polarization of the field [4|. 

Recently interest in this theory has seen a sudden re- 
vival as it was argued in [B| that it is also the low energy 
effective action for so called "topological insulators" . In 
this context one fascinating property of an interface with 
a non-trivial jump in 9 has been emphasized @: an elec- 
tric charge close to the interface induces a mirror mag- 
netic charge. While this was originally derived in Q 
generalized the calculation to materials with non-trivial 
permittivity and permeability and of course emphasized 
the potential experimental relevance in the context of 
topological insulators. 

Motivated by this observation we take a look at the 
action of electric-magnetic duality in this theory. U(l) 
gauge theories with non-zero 9 are well known to exhibit 
an SL(2,Z) duality group which strongly constrains the 
quantum physics, see e.g. 0- In this letter we work out 
the action of SL(2, Z) on an insulator with non-trivial 
permittivity, permeability and 9 angle. This allows us to 
write the formula for the induced mirror charge as well 
as the one for the Faraday effect in a manifestly SL(2, Z) 
covariant form. Along the way we also clarify the role 
of the mirror charges calculated in While the mirror 
charges calculated in [f| allow for a correct determination 
of the electric and magnetic fields that are sourced by 



the charge next to the interface, what appears to be an 
electric mirror charge in that work is in fact a dyonic 
mirror charge. 

Electric-magnetic duality maps interfaces between two 
ordinary insulators into an interface between an ordinary 
and a topological insulator in the dual theory. We use 
this fact to construct gravitational duals for topologi- 
cal insulators in strongly coupled J\f = 4 SYM via the 
AdS/CFT correspondence. 

Electric- Magnetic Duality in matter. — Let us begin 
with standard Maxwell's equations for electromagnetism 
in matter in Gaussian units. They derive from a La- 
grangian 
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e and /i are the permittivity and permeability of the 
medium. The corresponding vacuum quantities eo, Ho 
in Gaussian units are set to 1, see e.g. @]. We also set 
Co, the speed of light in vacuum, to 1. In matter electro- 
magnetic waves propagate with a velocity of light that is 
c = (/ie) -1 / 2 . With these conventions Maxwell's equa- 
tions read 



V • D = 47rp e , Vxff 

V B = 4np m , - V x E 

with the constitutive relations 
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p e ,m and j e ,m are the electric (magnetic) charge and cur- 
rent densities respectively. In vacuum these equations 
are invariant under duality rotations 
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is a standard rotation ma- 
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trix and N an arbitrary normalization constant. In the 
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presence of charges this duality is still a symmetry of 
the classical equations of motion as long as the charges 
transform under the duality as well 
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Quantum mechanically the total electric charge q e — 
j- J dS ■ D (S being any closed surface) has to be an 
integer multiple of the electron charge e, whereas the 
magnetic charge q m = J dS ■ B by the Dirac quanti- 
zation condition should be an integer multiple of g = 



where a 



he 



is the fine-structure constant. Only the 



special case of a duality transformation with £ = n/2 
and N = 2a is consistent with leaving this requirement 
invariant. This transformation typically referred to as 
the S-generator of electric-magnetic duality. In addition 
to its action on the fields it only leaves the constitutive re- 
lations invariant if we exchange e/N and Nfj,. The speed 
of light (/le) -1 / 2 is invariant under S-duality. 

For a topological insulator (or electromagnetism in the 
presence of a constant axion field) the effective action 
contains a 2nd term. That is S = So — Sg where 

Se = I d^xdte^FauFpa = JL£- [ d 3 xdtE-B. 
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Maxwell's equations are untouched by this addition. 
However the constitutive relations are modified to 
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Classically these equations are invariant under shifts of 9 
by any constant, 9 = 9' + C together with 
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where A = I ^ f j and hence (A 3 ) 

Classically we can always use this symmetry to set 9 to 
zero. Quantum mechanically however shifts in 9 are only 
a symmetry if C is an integer multiple of 2n. While 
shifts in 9 do leave the equations of motion invariant 
they change the action and hence the weight e lS l h in the 
path integral. As long as electric and magnetic fluxes are 
properly quantized Sg /h however is an integer multiple 
of 9 (see e.g. 0), and so shifts of 9 by integer multiples 
of 2tt leave the path integral invariant. Consequently 
values of 9 between and 2tt are physically distinct. Only 



9 = and 9 = tt give a time-reversal symmetric theory. 
Time reversal takes 9 into —9, so 9 = is time reversal 
invariant as it stands, whereas 9 = 7r is invariant after a 
shift of 9 by 2tt. A shift of 9 by 2tt is typically referred 
to as the T-generator of electric-magnetic duality. 

The full quantum mechanical duality group is obtained 
by repeated application of the T- and S-generators. The 
two together generate an SL(2, Z) symmetry which acts 
on the fields as in eq. ((5} with a general matrix A = 

c wn ^ n hitegers a, b, c and d satisfying ad — be = 1. 

To determine the action of a general SL(2, Z) trans- 
formation on the three parameters in the constitutive 
relation e, fi and 9 note that the constitutive relation can 
be written in the compact form 
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where we have replaced 1//J, = c e. The transformation 
eq. @ is a symmetry as long as M. transforms as 

M=KM'K T . (11) 

1/c 2 = det(Al) is duality invariant. This transformation 
on the matrix M. can also be written as a transformation 

+ i — 



ar+b 
cr+d 



for the complexified parameter r 



charge with charge q 



at a distance d from a 



The duality transformation of /i then follows from the 
invariance of the speed of light, \jpl = c 2 e'. 

Duality Covariant Expression for Mirror Charges. — 
With the formalism we have set up in the previous sec- 
tion it is easy to redo the calculation of 0] in a manifestly 
duality covariant fashion. The goal is to calculate the 
electric and magnetic fields resulting from a single test 

q e 
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planar interface (which we take to be the z = plane) be- 
tween two materials characterized by M.\_ 2, that is with 
different pn, e$ and 6i (i = 1,2). Of particular interest is 
the case with 9\ = and 9 2 = it, the interface between 
an ordinary and a topological conductor. But here our 
goal is to work out the generic case. 

For a static electromagnetism problem in the absence 
of currents the easiest way to proceed is to introduce 
electric and magnetic potentials $ e ,m with D = — V$ e 
and B = — V$ m . Above the interface they are given by 



and below by 



qe_ 
Ri 



Ri 



(2) 

qk_ 
R2 



a (1) 

He 



q m 
Ri 



q m 
Ri 



(2) 
gm 

R2 



a (1) 



(12) 



(13) 



2 



(1 2) 

where q e ,m are the mirror charges locate a distance 
d above (for q^L) or below (for qi 2 )n) the interface. 
R\ = x 2 + y 2 + (d - z) 2 and R 2 = x 2 + y 2 + (d + z) 2 . 
Maxwell's equations in the absence of surface currents or 
charges as usual demand continuity of the perpendicular 

components of ( -> ) and the parallel components of 
\2aB ) 
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I I or m other words 
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where T = AiiAi 2 ■ As the transformation properties 
of M. imply that 



T = AT'A" 
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these expressions are manifestly SL{2, Z) covariant. 
They can be solved by matrix multiplication 
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For the magnetic charges qm' 2 ^ this expression is in per- 
fect agreement with the corresponding expressions for 
<7i.2 in 6]. For the electric charges there seems to be 
a disagreement with the values qi t 2 obtained in 0. In 
particular, our mirror electric charges are equal opposite 
whereas theirs are equal. This apparent discrepancy can 
quickly be resolved by noting that qi t2 in [f| are not actu- 
ally the induced electric mirror charges. Proper electric 
charges (where physical charges are quantized in units 
of the electron charge e) are the sources of D flux. The 
qi of that work were introduced as giving the sources 
of E flux instead. Due to the modified constitutive re- 
lations in the presence of the 9 terms these two differ 
by a multiple of the magnetic charge. As the mirror 
charges are simply a useful technical construct to ob- 
tain the correct electric and magnetic fields (and aren't 
quantized in any case) this does not in any way alter 
the exciting findings of [6] which were mostly concerned 
with the induced magnetic charge. The proper mirror 
electric charges are related to the quantities calculated 
by (q + qjp + q ( m a9 2 /ir)/e 2 = {q/e\ + qi) and 
q 2 . After this substitution their 
results are seen to be in full agreement with the expres- 
sions derived here. 
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Faraday effect in reflection - Our tools can also be used 
to calculate reflection and refraction of light on interfaces 
between two materials with different e, /x and 9 in a du- 
ality covariant framework. Snell's law is unmodified in 
the presence of a jump in 9, so the only task is to calcu- 
late the reflected and transmitted amplitudes. The full 
expressions have been worked out before in and all we 
want to do here is to exhibit SX(2,Z) covariance. This 
is most easily done in the case of orthogonal incidence to 



which we'll restrict ourselves from now on. In the pres- 
ence of a non-trivial 9 angle Maxwell's equations still 
allow propagating wave solutions with u — ck, all fields 
orthogonal to the direction of propagation, k, and 
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That is, E is still orthogonal to B and so is H to D. 
However the 2-bein defined by H,D is no longer aligned 
with the E, B 2-bein. For orthogonal incidence all fields 
are parallel to the interface and the only boundary con- 
dition is continuity of £ = ^ ■ ^° we directly get 

£in + £r = £t where the subscripts in, R and T stand 
for the incoming, reflected and transmitted fields respec- 
tively. As E and H are not independent for a wave so- 
lution, we get a second equation from eq. 1171 Together 
with our constitutive relation eq. [9] and the fact that for 
orthogonal incidence we simply have fcj„ = kx = —k,R. 
we get for a wave incoming from medium 2 

c 2 M 2 {£ in - E R ) = ciMiE T = ciMi{£ m + E R ). (18) 

As for the mirror charge calculation above, this now 
can be solved by matrix multiplication in terms of T = 

Co. & L 
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which is in nice agreement with the formulas in [9j . Note 
in particular that for an incoming wave with 
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the reflected wave has a component in the k x E direction. 
That is the polarization got rotated by an angle (3 with 
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Like the induced magnetic mirror charge, this non-trivial 
Faraday angle is a direct consequence of having a jump 
in 9. This formula is in perfect agreement with 

Dynamical Axion- Another interesting property of 
topological insulators recently uncovered in [? ] is that 
once the 9 angle is promoted to a dynamical axion field, 
for example by considering anti-ferromagnetic long range 
order, a new mode called an "axionic polariton" appears 
in the low energy spectrum. In the presence of a back- 
ground magnetic field the axionic polariton is a coupled 
mode of light and axion field. Its dispersion relation ex- 
hibits two branches, separated by a gap whose magnitude 
can be dialed by dialing the background magnetic field. 
It is interesting to ask if this phenomenon can also be de- 
scribed in our SL(2, Z) covariant framework. As SL(2, Z) 
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maps 9 into e promoting just the axion to a dynamical 
field is inconsistent with duality. Duality can be pre- 
served by also promoting e and with it n" 1 — c 2 e into a 
dynamical field, the dilaton. One can ask whether the di- 
able gap persists in the SL(2, Z) invariant system with a 
dynamical axion/dilaton pair. Unfortunately with a dy- 
namic dilaton a constant background magnetic field is no 
longer a stationary background solution. The i? 2 //i term 
in the Lagrangian acts as a source for the dilaton. A con- 
stant B field at time t — will lead to a time-dependent 
dilaton solution that runs away to weak coupling. 

AdS/CFT realization via Janus. — Using SL(2, Z) we 
can also construct a strongly coupled analog of the inter- 
face between topological and regular insulator using the 
AdS/CFT correspondence. Note that an SX(2,Z) dual- 
ity transformation takes a theory in which only e and fi 
jump across the interface into one that also has a non- 
trivial jump in 9. There is a well known example of a 
AdS/CFT setup that corresponds to an interface with 
jump in fi and e, the Janus solution jlOj. The analog of 
electromagnetism here is J\f = 4 SYM, a theory that also 
mediates a Coulomb force between charge carriers. The 
theory has a dual supergravity description in the limit 
that the analog of a is very large. In addition, the num- 
ber of degrees of freedom N c is large in the supergrav- 
ity limit so that the theory is effectively classically. The 
Janus solution describes an interface in this theory across 
which e and ix jump, but with a uniform speed of light, 
that is ci = C2 [10|,llli- The dual supergravity description 
has the full SL(2, K) duality of the classical theory. New 
axionic Janus solutions with a non-trivial jump in 9 can 
be produced by applying an SX(2,K) transformation on 
the original Janus solution. One obtains a supergravity 
solution in which, in addition to the dilaton that already 
had a non-trivial profile in the original Janus solution, 
also the axion pseudoscalar is turned on. It was shown 
in that the most general supergravity solution with 
only dilaton, axion and metric turned on and preserving 
the same global symmetry as the original Janus solution 
can be obtained as an SL(2,M) transform of Janus. 

This way we can find supergravity solutions realizing 
any change in 9 we wish. As the speed of light is du- 
ality invariant, all of these axionic Janus solutions have 
the property that c± = C2- It is easy to see why the 
Janus Ansatz does not allow for interfaces across which 
c jumps: in the Janus construction one is looking for 
solutions that preserve the 2+1 dimensional relativistic 
conformal symmetry, SO(3,2). This includes the 2+ld 
Lorentz group as a subgroup. In a theory with a varying 
speed of light this is not a good symmetry. To look for 
generalized Janus solutions realizing an interface with a 
generic jump in /i, e and 9 one has to look for metrics in 
which g u / g X x has a non-trivial dependence on the radial 
coordinate. Unlike in the Janus case, where the 5*0(3, 2) 



symmetry assured that Einstein's equations boil down to 
simple ODEs, these generalized Janus solutions have to 
be solutions to PDEs in two variables. It would be nice to 
see if they can be constructed explicitly as they would be 
new examples of singularity free solutions of type IIB su- 
pergravity. For the purpose of realizing interfaces with a 
non-trivial jump in 9 it is sufficient to work with c\ = Ci. 

Conclusions. — In this letter we've laid out the action 
of the SL(2, Z) electric-magnetic duality group in the 
effective theory proposed to describe topological insula- 
tors. We demonstrated that several classical phenom- 
ena in these unusual materials, like an induced magnetic 
mirror charge and a non-trivial Faraday effect, can be 
compactly worked out in a manifestly SX(2, Z) covariant 
way. We also used the fact that this duality relates the 
interface between two ordinary insulators to an interface 
between a topological and an ordinary insulator to iden- 
tify the supergravity description of a strongly coupled 
analog of topological insulators. We hope that in the 
future electric-magnetic duality will be useful to unravel 
the properties of these interesting materials. 
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